Introduction
The motion of a perfect fluid in the Minkowski space-time is described by the relativistic Euler equation 
ARTICLE IN PRESS
Here r is the density and ðu 1 ; u 2 ; u 3 Þ is the velocity. The speed of light c is a positive constant. The pressure P is supposed to be a given function of r:
Smoller-Temple [7] studied one-dimensional motions under the assumption P ¼ s 2 r; s being a positive constant smaller than c: In the previous paper, Hsu et al. [4] , we studied one-dimensional motions under more realistic equation of states. In this article we discuss on spherically symmetric motions. Suppose r ¼ rðr; tÞ; u j ¼ x j r uðr; tÞ; r ¼ jxj:
Then the equation is reduced to Under the assumption P ¼ s 2 r; Mizohata [6] proved the existence of global weak solutions. However, we would like to consider a more realistic equation of states. We keep in mind the equation of state for a neutron stars, which is given by Then the problem can be written as A weak solution is defined as a field UAL N ð½1; þNÞ Â ½0; TÞÞ such that 0pr; jujoc which satisfies
; þNÞ Â ½0; TÞÞ such that f 2 j r¼1 ¼ 0: Our conclusion is the following: Condition (1.7) is an analogy from the work Chen [1] on the non-relativistic problem.
The paper is organized as follows. Some results of the Riemann problem and estimations of entropy-entropy flux obtained in [4] are recalled in Section 2. In Section 3, we prove the key lemma for constructing the approximation solutions of (1.4). By using the Lax-Friedrichs scheme, the main theorem is proved in Section 4 and the entropy condition for such weak solution is also illustrated. In Section 5 we will discuss the problem including the co-ordinate origin.
Preliminary
Let us recall the results of Hsu et al. [4] on the one-dimensional equation, that is, the equation without the source term H:
ð2:1Þ
The Riemann problem to (2.1) on tXt 0 with center r 0 and data ðU L ; U R Þ is the Cauchy problem for the initial data
The Riemann invariants are
2Þ 
By a direct calculation we have
Differentiating once more we have
The proof is complete.
A pair of functions ðZðUÞ; qðUÞÞ is an entropy-entropy flux if
ð2:4Þ
Using the Riemann invariants, we can write (2.4) as
By eliminating q from the equation, we get the following second-order equation:
Since this equation tends to the Euler-Poisson-Darboux equation
as c-N; we shall call (2.6) as the relativistic Euler-Poisson-Darboux equation. According to [4] , the entropy can be solved as follows. Such an entropy will be called a Darboux entropy. The standard entropy-entropy flux is
CðrÞ ¼ exp
Therefore, the Hessian of the standard entropy D 2 Z Ã ðUÞ is positive definite as follows. Proof. By elementary computation, we obtain
Therefore we get
This completes the proof. & pe; e being a positive constant independent of f: Moreover across any shock with speed s; we have
where
It can be shown that
where k is a positive constant depending on the compact subset of frX0g: In fact we see
On the other hand, we can estimate
where e ¼ K 0 =c 2 : Let us introduce the parameters z 0 ¼ x 0 and z 1 ¼ x 1 À ux 0 : Then we have 
Therefore if jD 2 fjpC; we see
Thus we get
But we know
Hence if c is sufficiently large we get the required estimate. &
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Key Lemma
The key point of this article is the following observation.
Proposition 3.1. Suppose ðw 0 ; z 0 ÞASð0; BÞ; that is, 0pz 0 pw 0 pB: Proof. 0pz 0 pw 0 pB means 0py 0 px 0 ; x 0 þ y 0 pB: Therefore
where dAð0; 1Þ; C 1 ; C 2 are constants determined by B: In this proof C j stand for constants depending only upon B: First of all we must show E t X0: We see
since Ppc 2 r; provided that 4C 1 tp4C 1 ho1: Thus we have
and ðr t ; u t Þ is well defined for r 0 40:
with AðtÞX0 and BðtÞX0: Thus by the comparison theorem we have u t À u 0 X0 and du t =dtX0: Hence 0pu 0 pu t : Moreover, we have
On the other hand
where P 0 =r 0 pC 4 : Thus
provided that 2C 5 hpd=2 and C 4 =c 2 pd=2: Summing up, 0pu 0 pu t pC 6 oc: ð3:2Þ
Let us observe r t : Since F t pF 0 and u 0 pu t ;
Hence r t pr 0 : On the other hand, from (3.
Let us go back to u t : From (3.3) we see
Hence we get
ð3:4Þ
Now we are ready to prove w t pw 0 : We look at
Here from (3.3) 
Hence dz t =dtX0 and z t Xz 0 X0: This completes the proof. &
Proof of the main theorem
Let us construct approximate solutions by the Lax-Friedrichs scheme. Since the initial data U 0 are supposed to satisfy (1.7), we can find a sufficiently large B such that U 0 ðrÞASð0; BÞ for rX1: Take the mesh lengths D ¼ Dr and Dt such that Dr=Dt ¼ 2L; where L4supfjl 1 ðUÞj; jl 2 ðUÞj : UASð0; BÞg:
Here l 1 ; l 2 are characteristic values
So the Courant-Friedrichs-Lewy condition will be satisfied.
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We put Suppose that the approximate solution U D ðr; tÞ has been constructed for 1pr; 0ptoðn À 1ÞDt so that U D ðr; tÞASð0; BÞ: Then we put
1þð jÀ1ÞD U D ðr; ðn À 1ÞDt À 0Þ dr for j ¼ 1; 2; y : But if n is even we put
We have U D nÀ1;j ASð0; BÞ: Given kX2 such that n þ k is odd, we define U 
To show this we note jD U HjpC; which is easy to see since 
where f n;k ¼ fð1 þ kD; nDtÞ: The summation is taken over n and k such that n þ k is odd. (When n is odd and k ¼ 2; then 1 þ ðk À 1ÞD stands for 1.) Substituting
According to Proposition 4.1, we obtain the following estimates: 
On the other hand, since 0prpC and jujpC;
loc ðOÞ by the argument of Ding et al. [3] and
loc ðOÞ: The proof is complete. & Therefore by using the Darboux entropies Z 1 ; Z 2 ; ; y; Z 6 defined in Hsu et al. [4] we can show that there is a sequence D n -0 such that U D n converge almost everywhere ðr; tÞ: The proof is same to that of one dimensional problem. By Proposition 4.3, the limit is a weak solution. This completes the proof of Theorem 1.
The weak solution we have constructed enjoys the entropy condition in the following sense. Proof. We consider
We must show lim
we have I 2 -0 as D-0 by the Lebesgue's dominated convergence theorem. So we consider I 1 : We have I 1 ¼ I 11 þ I 12 þ I 13 ; where 
The summation is taken over n; j such that n þ j is odd. We see I 111 ¼ OðD 1=2 Þ from jDZjpC and Proposition 4.1. So we must study J ¼ I 112 þ I 13 : Since Z is convex, we see
Hðs; U D 0 ðs; nDt À 0ÞÞ ds: 
Now we have
We see J 1 ¼ OðDÞ and jJ 2 jpCJ 3 ; where
We see J 3 pJ 31 þ J 32 ; where Since jDZjpC; jD U HjpC; we see 
Hence the entropy condition reads
Of course the equality holds for smooth solutions.
Problem including the co-ordinate origin
In this section we consider Eq. (1.1) on r40 with the initial condition rj t¼0 ¼ r 0 ðrÞ; uj t¼0 ¼ u 0 ðrÞ ð 5:1Þ
given for r40 and without boundary conditions. Our goal is Here a weak solution Uðr; tÞ means a function which satisfies
for any test function FAC N 0 ðð0; NÞ Â ½0; TÞÞ: In order to prove this theorem the key lemma Proposition 3.1 is replaced by the following Proposition 5.1. Suppose ðw 0 ; z 0 ÞASð0; BÞ: Let E 0 ¼ Eðw 0 ; z 0 Þ; F 0 ¼ F ðw 0 ; z 0 Þ and consider U t ¼ U 0 þ Hðr; U 0 Þt; that is, Proof. The proof is similar to that of Proposition 3.1. The major change is to check that
r u 0 t are estimated from below by a positive number. This can be done as follows. Since
provided that c is sufficiently large, it is sufficient to estimate t r u 0 : But
implies 0pu 0 pB c : Hence, when rXJD and tpD=2L; we have
provided that J is sufficiently large. The 1 À Proof. For f ¼ 1; we have 0 ¼ Note that we assume that the support of the test function does not touch r ¼ 0: The remaining proof of Theorem 3 is just parallel to that of Theorem 1.
Remark 5.1. It is difficult to remove the restriction that 1=c 2 is sufficiently small even if we consider the one-dimensional motion, because this restriction is needed to guarantee the required properties of Darboux entropies used to apply the compensated compactness theory. There is no telling what will happen if the initial data are large and c is small. The question is open for future studies.
Remark 5.2. Also it is difficult to remove the assumption (1.7) or (5.2). There is no telling what happen if the initial velocity is large and negative, that is, the initial flow is inward coming to the origin. We are not sure but solutions could blow up after a finite time.
